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All the known explicit constructions of expander families are essentially obtained by consid- 
ering a sequence of finite index normal subgroups N i ~F, and taking the Cayley graphs of F / N  i 
w.r. to the projection of a global finite set of generators of F. For many of these examples (e.g. 
F----SL2(Z), F / N  i ~- SL2(Fp)), we present first constructions of new, different, sets of generators 
for the finite quotients, which make the Cayley graphs an expander family. An intrinsic connection 
between the expanding property and uniqueness of the Haar measure on an appropriate compact 
group, as an invariant mean, is established and used in the construction of such generators. 

1. In t roduc t ion  and S ta t emen t  of the  Main  Resul ts  

The theory of expanding graphs has had some remarkable developments in 
the last two decades. Explicit constructions of expanders have been presented 
using deep mathematical tools such as Kazhdan's property (T), the Ramanujan 
conjecture (proved by Deligne), and Selberg's theorem (see [9] for a comprehensive 
exposition of the subject). Typically, the expander graphs so-obtained are Cayley 
graphs X(Gi,Si)  of finite groups {Gi}, where for each i Si is a set of k generators 
for the group G i (with k fixed). Moreover, there is a countable group F, generated 
by a (symmetric) set of k elements S, such that each Gi is a quotient of F, and S 
is mapped onto each Si under the quotient map. A fundamental problem in this 
theory is to understand how rigid are those sets of generators, of the finite groups, 
which make the corresponding Cayley graphs an expander family: 

Question (Lubotzky-Weiss [16]): Does there exist an infinite family of finite groups 
{Gi}, a fixed integer k, and two systems of generators for the Gi's: Si,S~ with 

[Si[ = [S~I =k, such that X (Gi, Si) is an expander family while X (Gi, S~} is not? 

If all the Gi's arise as above, as quotients of one finitely generated group F, 
then changing one set of global generators to another, clearly does not change 
the expanding property. The problem becomes subtle when we change "locally" 
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systems of generators for each Gi independently. In the present paper  we investigate 
this question and exhibit examples of new expanding sets of generators for known 
families of finite groups. Our systems of generators are "global" in some sense: 
they are obtained by projecting sets of elements from the group P. However, in F 
these sets generate subgroups of infinite index. 

Our first construction involves a distinguished family of graphs, so called 
"Ramanujan" (see the definition preceding Theorem 4.3 below), which are obtained 
as Cayley graphs of quotients of one finitely generated group. 

Theorem 1.1. Let F = (F) be a group generated by the finite symmetric set F .  
Suppose that { Ni} is a decreasing sequence of finite index normM subgroups, and 
that X (P/Ni, F) are Ramanujan graphs. / f  {e} r H ~ F is any normal, non-trivial 
subgroup, then: 

1. There exists M < oc such that  for all i one has I F / N :  HNi/Ni] <_ M. 
2. There exists a finite set F1 C_H such that the Cayley graphs X (HNi /Ni ,  F1) 

form an expander family. 

Theorem 1.1 is a special case of a general result proved in 4.3. Recall tha t  
the Ramanujan graphs constructed in [11] and [18] (see also [20]) can be obtained 
as in Theorem 1.1, where P is a free group. Theorem 1.1 therefore presents a rich 
family of new expanding generators for the quotients. We remark,  however, that  
the proof of this result, as well as the others described in the sequel, is completely 
non-constructive. 

The following is the 2-dimensional case of a result which we consider in 4.4: 

Theorem 1.2. Let H < SL2(Z) be a subgroup (not necessarily of finite index), which 
is normal in some congruence subgroup. Let ;~0 denote the bottom of the Laplacian 
spectrum on the Riemannian manifold H \ H  (the quotient of the hyperbolic plane 
N by the H-action - recedl that for any discrete subgroup H one has 0 _< A0 -< 0.25). 
IrA0 <0.21 then: 

1. There exists M < cc such that the projection of H to every SL2 (Fp) generates 

a subgroup, denoted SL2(Fp)H, of index _<M. 

2. There exists a finite set FC_H such that the Cayley graphs X (SL2(Fp)H,F) 
form an expander family (even though H itself may not be finitely generated). 

When H = SL2(Z) we have A0 = 0, and thus Theorem 1.2 amounts to the 
well known construction of expander graphs on SL2(Z)-generators. The value 0.21 
comes from the recent improvement of Selberg's theorem due to Luo-Rudnick-  
Sarnak [15]. It  would be interesting to eliminate the normality assumption in 
Theorem 1.2, and we believe that  this should be possible (we shall see tha t  for 
s tatement  1 there, this assumption is indeed redundant).  A proof of this conjecture 
will provide many more sets of expanding generators. In fact, one can show tha t  
then Selberg's conjecture, which replaces the value 0.21 above by 0.25, implies tha t  
"most" finite sets F C SL2(Z) have this expanding property; for instance, any set 
which does not generate a virtually cyclic subgroup and contains a unipotent matr ix  
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(this follows from a result of Beardon -cf. [21, Cor.2], and covers the question of 

F---(10 =~3)(=kl 3 ~)  raised in [10] ) . 

The value A0(H\IH[) for discrete subgroups of SL2(R), or, more generally, 
A0(H\]H[ n) for subgroups H < SO(n, 1), was extensively studied in relation to other 
asymptotic properties of the subgroup H (see e.g. [22] and the references therein). 
In particular, many examples of subgroups satisfying the assumption of Theorem 
1.2 are known, and in Section 5 we shall describe an explicit one (with concrete 
matrices), thereby obtaining expanding generators for PSL2 (Fp), p -  lmo d 3, coming 
from PSL2(C), which do not generate a lattice (see Theorem 5.2 below). This 
explicit new construction was recently investigated numerically by J. Lafferty and 
D. Rockmore [14], and turns out to yield surprisingly good expanders (almost, but 
not as good, as Ramanujan graphs). The construction is also a special case of the 
following generM result, which we prove in Section 5: 

Theorem 1.3. Suppose tha~ F = (F) and {N~} are as in 1.I. Assume ~hat 
X (F/Ni, F} form an expander family, and that H ~ F is a normal subgroup for 
which the group F/H is amenable. Then statements 1 and 2 in Theorem 1.1 hold, 
namely, there exists a finite set of elements in H whose projection to F/Ni yields 
an expander family of Cayley graphs (up to a uniformly bounded index M). 

The proofs of the above results depend heavily on functional analysis tools. 
Extreme points and the Krein-Milman theorem, weak and strong topologies, and 
above all, the notion of invariant mean, play a fundamental role in our approach. 
The striking work of Lubotzky-Phillips-Sarnak [11], [12] revealed a surprising con- 
nection between the Ruziewicz problem and the construction of expander graphs, 
although this connection was somewhat circumstantial. In this paper we shall link 
the two problems together, and use considerations regarding invariant means to 
obtain the above results. Our approach is to translate the expanding property of 
F/Ni, to one concerning the uniqueness of the Hoar measure on the profinite com- 
pletion G=lirnF/Ni as a F-invariant mean on L~ and prove this uniqueness 

under appropriate conditions. The uniqueness question itself is not treated here as 
an object, but only as a tool for the combinatorial purposes, although some conclu 
sions about the former can be drawn. For instance, from the proof of Theorem 1.1 
one can deduce that if F < SO(3) is a free subgroup as constructed by Lubotzky- 
Phillips-Sarnak in [12], and {e} ~ H < F  is any non-trivial normal subgroup, then 
the Lebesgue measure on the 2-sphere is the unique H-invariant, finitely additive 
measure, defined on all the Lebesgue measurable subsets (see also the remark pro 
ceeding Theorem 4.3). 

The main auxiliary result, which connects ~he notion of invariant mean to 
the combinatorial questions, is presented in Theorem 2.4 below. It is proved in 
[28], while here, for completeness, we give an almost full proof (without explaining 
one technical point which appears there). Theorem 2.4 connects the problems of 
expander graphs and invariant means with another theme, motivated by the work 
of Lubotzky-Phillips-Sarnak, namely, "Hecke operators of group actions". In [28], 
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which is complementary to the present paper, it is put in a more general perspective 
and the following is deduced: 

Theorem. Let F be a finitely generated group acting by measure preserving trans- 
formations on a probability measure space (X, #) (we do not assume ergodicity or 
that # is non-atomic). Then one, and exactly one, of the following holds: 

1. There exists a subgroup H < F of finite index which aets tri.~ially o~ L~ #). 

2. There exists a subgroup of infinite index H < F such that as F-representations, 

e2(r/H) is weakly contained in L2(X,#)  (see Definition 2.3 below). 

This result implies, on one hand, Alon-Boppana's well known theorem (cf. 

[9, 4.2.6]: liminfAl(Xn,k) ~_ 2 x / k -  1 for any infinite sequence of k-regular graphs. 

On the other hand, it shows that  for any (say, symmetric) set S, of k measure 
preserving transformations of a non atomic probability measure space (X,#) ,  the 

corresponding averaging operator TS, on the space L2(X,#)  of zero mean L 2- 
functions, satisfies the norm inequality: 

2x/~- - 1 
lITsll > k 

(The case where X is the 2-sphere and S consists of elements from SO(3) was 
treated in [12], G. Pisier [23] proved it when S C SU(N)  and X is the complex unit 
N-sphere for any 2 < N C N). 

The rest of the paper is organized as follows: in Section 2 we consider some 
preliminary facts related to means on L ~ ( X , # )  and weak containment of unitary 
representations, and prove the main auxiliary result -Theorem 2.4. In Section 3 we 
show how to connect questions about expanders to invariant means on the pro finite 
completion of a directed sequence of finite groups, and in Section 4 prove the main 
results (including Theorems 1.1 and 1.2 above). Finally, in Section 5 we study co- 
amenable subgroups (Theorem 1.3 above), and illustrate our results by constructing 
a new example of an expander family. 

Acknowledgment. We would like to thank deeply Alex Lubotzky, who introduced 
to us the beautiful world of expanders, for many illuminating and intriguing dis- 
cussions on the subject, and for helpful remarks on the manuscript. Thanks are 
due also to Bob Brooks and Alan Reid for bringing to our attention some useful 
relevant references. 

Added in Proof. Using the methods developed in this paper, we were recently able 
to remove the normality assumption in Theorem 1.3 (for the precise result see: 
"Expander graphs and amenable quotients", to appear in "Emerging applications 
of number theory", IMA Volumes in Mathematics, Ed.: D. Hejhal et al.). We 
still do not know, however, whether this assumption is necessary for the results of 
Section 4. 
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Means on L ~ (X,/~). Here and throughout the rest of the section, (X, #) denotes a 
probabil i ty measure space, i.e. # is a a-addit ive probabil i ty measure, defined on a 
a-aigebra ]~ of subsets of X (which we shall seldom mention explicitly, for brevity).  
For I ~ p < oo, the space LP(X,#)  has its usual meaning. Lc~(X, tL) *, the dual 
space of L~176 is equipped with both the norm and weak-* topology, and has a 
natural  ordering: if ml ,  m2 G L c~ (X, #)* then m l  -> m2 if for every 0 < f E L ~ (X, #) 
one has m l ( f )  ~ m 2 ( f ) .  A mean on Lc~(X,#) is a positive element in L~176 * 
with r e ( l ) =  1. Notice tha t  by Alaoglu's theorem, the set of means on Lee(X,#) is 
compact  in the weak-* topology. 

There is a natural  bijection between the non-negative functionals, denoted 
Lc~(X,#)~_, and finitely additive measures m defined on the measurable sets and 

continuous with respect to # (i.e. # ( A ) = 0 ~ m ( A ) = 0 ) .  Indeed, if ~ e L~176 * 
then one defines m~(A)= ~(1A) and conversely, given such measure m, ~ m ( f ) =  

f f d m  belongs to L~176 By abuse of notation we shall fail to distinguish 

between the two objects and identify a measure with its corresponding functional. 

C L ~ , X  ,* Definition 2.1. Given two elements m l , m  2 ( ,#)+  define: 

m l  A m2(A) ---- in f{ml(B)  + m 2 ( A -  B)[B C A, B C ]~}. 

I t  is easy to verify the additivity of m lAm2 (see e.g. [2, 2.2.1]). As it is clearly 
non negative (it may be zero, even if ml,m2 are not), and continuous with respect 

ELoo,x  "* to #, we have m l  Am2 ( , #)+.  Obviously, m l  Am2 < ml ,  m2. In fact, m l A m 2  

is the largest element in L ~176 (X, #) with this property. 

Lemma 2.2. For any two means ml,m2 the [oI1owing are equivalent: 
1. m l A m 2 = 0 .  

2. For every ~ > 0 there exists A C_ X such that ml  (A) > 1 - c and m2 (A) < c. 
3. [ ] m l - m 2 [ [ = 2  (norm on n~176 

Furthermore, i[ m2---# then 2 may be replaced by: 
2 ~. For everys>O there exists AC_X such that m l ( A ) = l  and p(A) <r 

Proof.  1 0 2 :  Follows from the definition. 

2 0 3 :  Take f = l  A -  1x_ A. 
3=~1: If [[f[]c~ =1  and m I - m 2 ( f ) > 2 - r  take A={x[f(x)>O}.  

Clearly 2 / implies 2. Conversely, if m2 = # ,  given r > 0 take for every n a set An 
satisfying re(An) > 1 - ~ and , (An)  < ~-%~. Then the set d = UAn is as required. | 

Weak containment of uni tary representations. The notion of weak containment of 
unitary representations will be essential for our discussion: 

Definition 2.3. Let F be a discrete (resp. locally compact)  group, and ( a , ~ a ) ,  
(~r,9~r) (continuous) unitary representations of F. We say tha t  a is weakly contained 



560 YEHUDA SHALOM 

in ~r, denoted or-< 7r, if for every finite set of vectors V l , " ' , V n  Eo~cr, a finite (resp. 
compact) subset F C_ F, and e > 0, there exist U l , " ' ,  Un E ~ v  such that  for all 3' C F 
and l < i , j < n :  

(1) I @ ( g ) v i , v j } -  @(g)ui ,u j}  I < e 

By a simple approximation argument, notice that  to show a-< 7r it is enough 
to fix a (say, orthonormal) base {vi} for Z a ,  and establish (1) when the finite set 
of vectors vi is taken from this base. 

The following theorem links invariant means and the notion of weak contain- 
ment. It is fundamental for the results obtained in the sequel: 

Theorem 2.4. Let F be a countable group acting by measure preserving transfor- 
mations on a probability space (X, ix). Assume that m is a mean on L c~ (X, #) with 
the following properties: 

1. mAix=0.  
2. V3`EF either 7 m = m  or ~/mAm=0.  

Let S = Stab(m) = {7 E FlTm = m}. Then e2 ( r /S )  -< L2 (X ,# )  as F- 

representations (where L2(X,  IX) denotes the natural representation on the space 

of zero mean L2-functions and s is the reg'uIar representation on the coset 
space F / S ). 

As mentioned in the introduction, the proof of Theorem 2.4 will appear in [28]. 
However, for completeness, we outline the proof here, avoiding one technical point 
which is explained in details there. 

Sketch of proof. Fix once and for all a sequence 3 ì E P such that  3`iS are represen- 
tatives for the cosets vS. Denote by ~i the coset ~/iS and notice that  the functions 

1~ form an orthonormal base for g2(F/S). Now use the remark after Definition 2.3 

for this base, namely, given a finite subset F1 C_ F, ~ > 0, and a finite set of functions 

1~,  we need to exhibit functions ~i E L2(X,  #) such that  for all i, j: 

namely, 

(2) 

Notice that  the left expression in (2) is 1 or 0, depending on whether 3`fi~/3`i 

is in S or not. Therefore, if we group together, in a large finite set F C F, all 

the elements in F of the f o r m  3`ff1")'3' i obtained above, it clearly suffices to find 

~ e L 2 ( X ,  IX) such that: 

(3) I@~o,~)-11 < ~  for 3 ` G F M S  
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and 

(4) ] (3 '~ ,~) [<E f o r T E F - S  

For then, the functions ~i = 7 i ~  satisfy (2). To find such ~ we use the mean m given 

by 2.4 as follows: The natural embedding of LI(X,#) in L~176 * TM L I ( x , # )  ** 

has a dense image so there exists a net fa ELI(X,#),fc~ >_0 Ilfall =1,  with fa---*m 
(i.e. V ~ e L ~ 1 7 6  For "yES, "yf~--*~/m=ra, so fa-3`fa-~O 
weakly. As weak and strong closures of convex sets coincide, we may replace the 
fa by convex combinations ha, such that  ha---+m and ]lha-~hall-*O for all "yES 
(again ha >_ 0, IIha[I = 1). Notice that  using # A m  = 0 and Lemma 2.2, we may 
assume that: 

#{xlha(x ) > 0} --~ 0 

Also note that  the assumption 7m A m = 0 for 7 ~ S (or equivalently, by 2.2, 
Hm-3`mll =2)  implies that  for any such 3  ̀one has I lha--) ,hall-~2.  Therefore, by 
taking an appropriate h E {ha} we get, for any fixed finite set F _C_ F and e > 0, a 
function h > 0 (ll hill = 1) which satisfies the following three properties: 

(5) Mx[h(x) > 0} < 

(6) H h - 3 , h H l < e  for " 7 � 9  

(7) [[h - 7hill > 2 - e for 3' �9 F - S 

Our first candidate for a function satisfying (3) and (4) above is then ~ = v/-h. It 
is not difficult to verify that  (6) implies that  I1~ - ~112 < 2e and thus (3) holds. 
Similarly, one "should" deduce from (7) that  ~ and 7~ are "almost" orthogonal and 

deduce (4). One problem is that  we need the function ~ to be actually in L2o(X,#). 
This is solved using (5) which implies: 

f 1A(X).~(z)d#(x ) <_ HIA[12[[~112 < {xlh(x ) > 0}). (where A =  

Therefore we can "correct" ~ by replacing it with ~p- f ~p �9 L2(X, #), and as f g)is 
small, the considerations above will not be affected. The second and more significant 

problem is that  unfortunately, (7) does not imply that  <v/-h, T v ~ }  is small for a 

general function h. However, it is easy to see that  this implication does hold if 
h = 1B/tt(B ) (for any set B). Thus, to complete the proof one needs to consider 
the technical issue of obtaining an appropriate set B from a function h satisfying 
(5), (6) and (7). This is done in [28] using a "slicing" method of Namioka. | 

Remark. The reader familiar with the Ruziewicz problem, has probably noticed 
that  the proof above applies a similar argument, based on an idea of Namioka, 
to the one used in [25] when presenting the key ingredient to the solution of that  
problem. However, here we need more, namely, one seeks for arbitrary small sets 
which are "almost invariant" with respect to the action of some elements, and 
"almost disjoint" for the action of others. 
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3. I n v a r i a n t  M e a n s  a n d  t h e  E x p a n d i n g  P r o p e r t y  

We begin by recalling the definition of the main object of this paper: 

Definition 3.1. A finite k-regular graph X = X(V,E) with a set V of n vertices is 
called an (n, k, e) expander if for every subset A g V: 

1 0 A I > - - e ( 1 - ~ ) [ A [  

where OA = {y �9 VId(y,A) = 1} is the "boundary" of A (d the distance function 
on X). A family of finite k-regular graphs (k-fixed) is called an expander family if 
there is e > 0  such that  all of them are (n,k,e) expanders. 

Naturally, the notion of expander family is interesting for an infinite family of 
graphs. By counting arguments it is known (see [26]) that "most" k-regular graphs 

are (n,k, �89 expanders (at least for k _> 5), but explicit constructions are dimcult, 
and all of them are essentially Cwley graphs of finite quotients of certain countable 
groups. If G is a finite group generated by a (symmetric) set F then the Cayley 
graph of G with respect to F will be denoted by X (G, F).  

Let 17 be a countable group and FC_1? a finite set. Let . . . < N 2 < N 1  <17 
be a decreasing sequence of finite index normal subgroups. The assumption of 
normality here is redundant, as one m w  consider "Shreier graphs" instead of Cayley 
ones, however conceptually it is easier to work with the latter. The following well 
known result enables one to investigate expanding properties of Cayley graphs using 
representation theoretic tools: 

Theorem 3.2. For any finite (symmetric) set FC_F, and subgroups N i < P  as above, 
the following conditions are equivalent: 

1. There is el > 0 such that the Cayley graphs X (1?/Ni ,F} are ([17: Ni], IFI,el)  
expanders. 

2. There exists z2 > 0 such that for every representation: 

g~(1?/Ni)= {f E e2(1?/Ni)l f f =o} 

and every unit vector v e L~(1?/N~), there exists ~ C F such tha t  I I~v-  ~11 >- ~2. 

For a proof see [9, 4.3.2]. It is important  to notice that  we do not assume 
in 3.2 that  F generates I? (in fact 17 may not be finitely generated). Observe 

also that  if i > j there is a 1?-embedding e2(1?/Nj) C_ e2(1?/N~) induced by the 

natural projection from 1?/N~ to 1?/Ny (we assume all the counting measures are 

normalized). Therefore, one may define naturally the increasing limit limg2(1?/Ni), 
as well as limt~(1?/N~), the latter being as in Theorem 3.2 (we shall shortly give 

another description of these representations). Hence we see that  condition 2 in 3.2 
may be replaced by: 
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2'. There exists ~2 > 0 such that  for every unit vector v C lim~ 2 (F/Ni) ,  there exists 

7 c F  such that  ]]~/v-vii 2>r 2. 

Let G = lirnF/Ni be the profinite completion of the directed sequence F/Ni.  

Then G is a compact (totally disconnected) group, and we denote by p its (normal- 
ized) Haar measure. F is embedded na tura l~  had densely in G, and its (measure 
preserving) multiplication action induces a unitary representation on L02 (G,#)-  the 
space of zero integral, square-integrable functions on G. It is easy to verify that  
L02(G,p) and lim t2(F/Ni)  are isomorphic F-representations, which shows that  in 
condition 2' we may replace them. We then have: 

Theorem 3.3. Let F and the N i's be as above. Then the following are equivalent: 

1. There exists a finite subset F C F such that X ( F / N i , F  ) form an expander 
family. 

2. l r  ~ L2(G, #) as F-representations (1F denotes the trivial F-representation). 

3. p-integration is the unique F-invariant mean on L~176 p). 

Proof. 1 ~ 2 :  Follows from 3.2 ( 1 ~ 2  I) and the remark preceding 2'. 

2 ~ 1: By definition, if (~r,JY) is any F-representation with l r  7~ 7r, then there exists 
a finite set F C F  and ~>0 ,  such that  for all vEo~f with ]lvll = 1  there exists 7 C F  

with Iirr(V)v-v[I _> c. Now use again 3.2 (2'=~ 1) replacing lime~(r/Ni) by L2(G,#) .  

2 ** 3 : This is a special case of the results of Rosenblatt [25] (2 ~ 3) and Schmidt 
[27] (3 ~ 2), which discuss general measure preserving actions of countable groups. | 

In the sequel we shall only need the equivalence between 1 and 3 in Theorem 
3.3. As the proof shows, the notion of weak containment plays an essential role 
in establishing this connection. We shall make a deeper use of Theorem 3.3 in 
the next section. Here we confine ourselves to showing how it unifies questions 
about uniqueness of invariant means with ones regarding expander graphs (thereby 
connecting some of the problems raised in [9, Ch.10]). 

Proposition 3.4. Let ...--+ G 2 --+ G 1 be an infinite directed sequence of finite groups 
and C = 1LmC i their inverse limit. Let  p be the Haar measure of G. Then the 

following are equivalent: 

1. There exists some k and a choice of k generators {gl,i'" "gk,i} for each Gi, such 

that the Cayley graphs of the Gi's with respect to these generators form an 
expander family. 

2. There exists a finitely generated group F ~ G such that p is the unique F- 
invariant mean on L ~176 (G, p). 

As mentioned in the introduction, an intriguing question is whether an ex- 
pander family of Cayley graphs has this property with respect to every choice of k 
generators for each group. There is no known example or counterexample, however, 
analogous to Proposition 3.4, we can put  the question in another perspective: 
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Proposit ion 3.5. Keeping the notation of 3.4, the following are equivalent: 
1. For every k and any choices of k generators for each Gi, the corresponding 

Cayley graphs form an expander family. 
2. For every finitely generated dense subgroup F < G, It is the unique F-invariant 

mean on L ~176 (G, #). 

P roof  of 3.4. 1 ~ 2. Let z > 0 be such that  all the k-regular Cayley graphs are 
(n,k,r expanders. For every i choose any k elements / / 91,i,"',gk,i C G •  such 

that  their projection to G i identifies with gl,i, '",gk,i.  Recalling that  G x . . .  x G is 

compact,  we may take a subsequence of the sequence (g~,i' I ' " '  gk,i) which converges, 

say, to (gl, "" ,gk)E G k. We claim that  F =  (gl,"" ,gk) satisfies condition 2 in 3.4. 

Indeed, by Theorem 3.3 we need to show that  1 r ~ L2(G,f~) as F-representations, 
which is equivalent to the existence of e > 0 such that  for every i and a unit vector 

v E g2(Gi), there exists 9 E {g l~ ' " ,gk}  such that  Hgv- vii > ~ (g acts through 

the natural  projection from G to Gi). However, the existence of such e follows 
from the assumption, Theorem 3.2, and the observation that  for any fixed Gi, the 
projection of g l , ' " ,gk  to G i identifies with the projection of some gl , j ," ' ,gk, j  for 

j > i large enough (so tha t  (gl, j , '" ,gk,j)  is "close" to (91 , " ' , gk ) ) .  For that  j ,  

X (Gj, (gl,j,"" ,gk,j)} is an (n,k,r expander and as e2(Gi) is embedded in s 

the same est imate holds when projecting to Gi. 
2 ~  1. If Ni denotes the kernel of the natural  projection F--+ Gi, we have that  

G=I~nF/Ni ,  and the claim follows from Theorem 3.3 ( 3 o  1). | 

The proof of Proposition 3.5 relies on similar ideas as in that  of 3.4, and is 
omitted. 

In Condition 2 of 3.4 the assumption that  P is finitely generated can be 
weakened by assuming only that  F is countable. This follows from the fact that  if 
1 r 7r as F-representations, then this is so already when restricting to an appropriate 
finitely generated subgroup of F. We do not know, however, if this assumption can 
be weakened further by assuming only that  tL is the unique G-invariant mean, 
and this seems to be a rather subtle question. Notice that  the action of G on 
LC~(G,#)* is not continuous (and not even measurable), thus invariance under a 
dense subgroup does not guarantee G-invariance. Let us give an example, based 
on one presented by Lubotzky and Weiss [16, 4.5]: For G = II  SLn(Z/rnZ) it is 

mEN 

shown there that  G contains no finitely generated dense amenable subgroup, but  it 
contains the dense amenable subgroup |  Notice that  G has a dense 

finitely generated subgroup F for which 1 r 7~ L2o(G,#), namely, F = SLn(Z) (for 

n > 2 this follows from property (T), while for n = 2 from Selberg's theorem, see 
[16]). Consequently, # is not unique as an | mean, but  it 
is unique as a G-invariant mean, as it is already unique for the action of SLn(Z). 
We do  not know if there is a finitely generated dense subgroup for which # is not 
unique. As shown in 3.5, this discussion could equivalently and equally well be 
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given in the language of the expanding property, namely, the Cayley graphs of 
SLn(Z/rnZ)  are expanders with respect to the projection of generators of SLn(Z) ,  
but are they expanders for any choice of k generators in each one separately? An 
interesting test case is the following question raised in [16]: If G is a compact group 
containing finitely generated dense subgroups A, B, such that  A is amenable and B 
has property (T), is G necessarily finite? The challenging case, and the one relevant 
to our discussion, is when G is totally disconnected. As was shown, relaxing the 
finite generation assumption yields a negative answer. 

Finally, although it diverges from our main discussion, we would like to use 
the opportunity to highlight the naturality and interest in questions regarding 
finitely additive invariant measures with another brief example. Recall that  if 
P(N)  C_ F = SL2(Z) denote the (principle) congruence subgroups, then Selberg's 

theorem asserts that  kl ( r ( N ) \ ~ )  >_ a (where 15 denotes the upper half plane). 
This is a deep number theoretic result, and it would be of great interest to produce 
a more elementary proof for a "qualitative" Selberg theorem: A, (F (N)U{)>  c (for 
some, perhaps unknown, e>  0). Using Theorem a.a one can deduce: 

Theorem a.6. Let Z = YI g'p be the (compact) ring of adblic integers. Then the 
p pr ime 

following are equivalent: 

1. A qualitative Selberg's theorem holds O.e., 3c> 0 with A] (F(N)XH)>c\>O).  

2. The Haar measure on SL2(Z) is the unique SL2(Z)-invariant, finitely additive 
measure, defined on all the Haar measurable subsets. \ 

Sketch of proof. It can be shown, using the non-amenability of SL2(Z), that  any 
measure as in 2 of the theorem must be continuous with respect to the Haar measure 

on SL2(Z) (see [9, Prop. 2.2.12]), and so it defines a mean on L~176 Thus 
Theorem 3.3 may be applied, as soon as we know that  ~I (F (N)XH)  > c > 0 is 
equivalent to F / F ( N )  being an expander family. For this use Theorem 5.1 below. | 

4. T h e  M a i n  R e s u l t s  

Our main results wiII be deduced from the foliowing: 

Theorem 4.1. Let F be a countable group and ... < N2 < N1 < P a decreasing 
sequence of finite index normal subgroups. Let H < F be a subgroup (not neces- 
sarily finitely generated, or of finite index) with the following property: For every 
subgroup S < F containing H, one has: 

(8) e2(r/s) ee2o 
as F-representations. Then the following holds: 

1. There exists M <  co such that for every i one has [P/Ni : HNi /Ni]  <HI. 
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If, moreover, H is normal in F, then the following holds as well: 
2. There exists ~ finite set F C_ H such Chat its projection generates every HNi/Ni ,  

and the Cayley graphs X i= X (HNi/Ni , F) form an expander family. 

Proof.  1. Let  G = limF/Ni. The assertion is equivalent to the claim [G: H] < co 

( H  being the closure of H in G, in its na tura l  embedding).  Assume the contrary,  
and let d be any G-invariant metric on G (compatible with the topology).  Denote  

_ _  - -  ] 

S---- HMF and for every n set An = (x E G[ d(x,H) < -~}. Notice tha t  for every 

~/E S one has ~/An =An, whereas for any 7 E F - S :  7AnAAn- -~ ,  for all n with 

1 < d(TH,  H) .  For every n define the measure: mn (B)= #(B n An)/#(An),  viewed 

as a mean  on LC~(G), and let m be any limit point  of mn (in the weak-* topology 
on Le~ Since #(An)--~0,  mAt~=O. Furthermore,  for every 7 E  S we have 
7mn = ran, so m is S-invariant.  On the other hand, if 9' E F - S there exists a set 
An such tha t  re(An)= 1 and 7re(An)=0, so 7mAm=O. Therefore,  m satisfies the 
conditions of  Theorem 2.4, while the conclusion of the lat ter  contradicts  (8), so 1 
is established. 

2. We first claim tha t  in the assumption (8) one may  replace F and the Ni's 

by F / = F N H ,  N~=NiN-ff. Indeed, notice tha t  N i = N  ~ for all i large enough since 

from I it follows that  H is open in G (and we may clearly assume tha t  the Ni's have 
trivial intersection). As the Ni's are decreasing, the sum in the right hand  side of 

(8) can be taken s tar t ing from any i, therefore, if there exists H < S < F t with 

C' ( r l / s )  ~ | ( F ' / N ' )  = |  ~ (r ' /Ni)  

as FCrepresentations,  we can induce the representations to F, thereby contradict ing 

the assumption.  Thus  we assume hereafter tha t  H = G -~ l imHNi/Ni  and by 

Theorem 3.3 we need to show tha t  #, the Haar  measure of G, is the unique H-  
invariant mean on L c~ (G, #). 

Consider the set MH of H-invar iant  means on L ~176 (G, #), which is a (weak*-) 
compact  convex set. Let Ext  MH denote the set of extreme points  in MH. Recall 
tha t  a point  x is said to be extreme if for every y,z E MH, and 0 < t < 1 with 
x = ty + (1 - t)z, necessarily x ---- y = z. From the definition it is clear t ha t  if 

m E Ext  M H and m ~ E L ~176 (G, #)* is non-negative,  H-invariant ,  and satisfies m t ~ m, 

then m~=tm for some 0 < t <  1. Therefore, recalling tha t  m l  Am2 _~ml,rn2 (and if 
m l , m 2  are H-invar iant  then so is m l  Am2),  we deduce the following: 

( . )  I f  ~ l , m 2  E Ext.MH then m l  = m2 or 'ml A m 2  = 0. 

Now comes the only, but  crucial, a rgument  in which the normal i ty  of H in F is 
used. This assumption implies tha t  M H is invariant under the F action. (Indeed, 

if m E MH, 7 E F, h E H then hTm = 7htm ---- 7m,  so 7 m  is H- invar iant  as well). 
Furthermore,  as the F-action preserves convex combinations,  Ext  MH is also F- 
invariant. Assume now tha t  t~ is not  unique as an H-invar iant  mean  on L ~ 1 7 6  
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so !l/IH has more than one point. By Krein-Milman's  theorem MH is the closure of 
the convex hull of E x t M H ,  so in particular E x t M  H must contain a mean m ~ i t .  
We claim tha t  m satisfies the two assumptions in Theorem 2.4 (with (X, It) ---- (G, 
Haar  measure)). Once this is verified, the proof will be complete, for Theorem 2.4 
implies: 

g2(F/S) ~ L2(G) -~ e~)(r/Ni) 
( g < S = Stab(m)), contradicting the assumption (8). 

Indeed, condition 2 in Theorem 2.4 holds by (*) above and the fact that  for 
every ~ E F ,  we have v m C E x t M H .  To show that  condition 1 in Theorem 2.4 holds 
as well, it suffices, again by (*), to prove tha t  It e E x t  MH (recall m ~ It). This 
follows from the density of H in G or, more generally, from the ergodicity of its 
(multiplaication) action on G, as the following shows: 

Lemma 4.2. Suppose that the group H acts ergodically, by measure preserving 
transformations, on a probability measure space (X, it) (i.e. every H-invariant 
measurable set is either null or has full measure, equivalently, every H-invariant 

f E L 1 (X, #) is It-essentially constant). Then It is an extreme point in the (compact, 
convex) set M H of H-invariant means on L c~ (X, It). 

Proof. Suppose tin1 + ( 1 -  t)m2 =it with 0 < t < 1, m l, m2 C M H. We need to show 
tha t  m l  = It (similarly, this would show m2 = It). Indeed, ml  <_ It/t so if An --+ 0 is 
a decreasing sequence with empty intersection, then ml(An)  -* O. It  follows that  
the additive measure m 1 is in fact cr-additive, and as it is continuous with respect 

to It, it follows from the Radon-Nikodym theorem that  there exists f E L l (X,I t )  

such tha t  m l ( ~ ) = f ~ f d t L .  As m]  is H-invariant,  so is f ,  and by ergodicity f - c i r .  
Since everything is normalized, c = l ,  which completes the proof. I 

Remarks.  1. In contrast to the second part  of Theorem 4.1, where we cannot 
do without the help of invariant means, this is not the case for part  1. A direct 
proof of 1 would use the sets An defined there, which already have all the required 

properties enabling one to "weakly embed" ~2(F/S) in L02(G, It), exactly as in the 
proof of Theorem 2.4. To avoid repeating this argument we introduced the invariant 
mean, thereby applying directly 2.4. 

2. We would like to emphasize the exact assumption needed instead of the 
normality of H: If F acts on (X, It) and H < F acts ergodically such tha t  It is not 
unique as an H-invariant  mean on L c~ (X, It), then there exists an H-invariant  mean 
m such tha t  m A l t = 0 ,  and for every v E F  either v m = m ,  or vmAm----0. 

The proof of Theorem 4.1 shows that  if H is normal in F then the assumption 
in the second remark above is always satisfied. A different approach to proving this 
assumption may also remove the use of extreme points, although this seems less 
probable. We remark that  in [7] it is shown that  if It is not unique for an ergodic 
measure preserving action, then there are 2 c different invariant means (where c is the 
continuum cardinality), but the proof there does not seem to give the information 
we need. 
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We now turn to the results stated in the introduction. Recall that  a (finite) 
k-regular graph is called Ramanujan if every eigenvalue A of its adjacency matrix 

is either •  or satisfies [A[ 4_ 2 kv/-ffL--1. The value A = - k  occurs exactly if X is 
bi-partite.. By a theorem of Alon-Boppana (which motivated the interest in this 
notion), Ramanujan graphs are those regular graphs which satisfy the strongest 
asymptotic bound on their eigenvalues. Such graphs (actually the only known 
infinite family of k-regular graphs) were constructed in [11] and [18] (and later, using 
similar methods, in [20]), essentially as quotients of free groups. These Ramanujan 
graphs were shown to share many extremal properties, to which we now contribute: 

Theorem 4.3. Let F be a countable group, and Ni~F a decreasing sequence of finite 

index normal subgroups. Let H < F be a subgroup for which some 0 _< f E ~I(F) 
satisfies: 

I[fl[e2(r/H) > ][f[[.e02(r/N0 

(when the representations are extended naturally to *l(P)).  Then: 
1. There exists M < eo such that for all i one has J r / N :  H N ~ / N d _  U .  

Furthermore, i f  H <a P then: 
2. There exists a finite subset F C_ H, such that its projection generates each 

H N / N  and X (HN/N~, F) form an expander family. 
In particular, if  r = (F> (F C_ F finite and symmetric), and X ( F / N ,  F> are 

Ramanujan graphs, then for every non-trivial H < r  assertions 1 and 2 above hold. 

Proof. By Theorem 4.1 it suffices to show that  for every H <  S one has: 

g 2 ( r / s )  ~ eg02(r /NJ 

Assuming the contrary, we get for some S and every f E LI(F):  

(9) Ilflle2(r/s) <-Ilflleeg(r/Ni) 
(Actually, (9) is equivalent to a slightly weaker definition of weak containment than 
the one given in 2.1). In particular, this holds for every 0 <_ f .  However, for such f 
one has 

(10) [IfHe~(r/H) < [Iflle~(r/s) 
This follows by considering the measure v on F having f density with respect to the 
counting measure (normalized to be a probability measure), the interpretation of 
the norm of the convolution operator Tv as the return probability of the v-random 
walk, and the fact that  F / H  covers F/S.  However, (9) and (10) together contradict 
the assumption. 

To prove the second assertion regarding Ramanujan graphs, denote IF[ = k 

and consider f = 1 + ~ y~ 1 7. The assumption that  X (F/Ni ,F)  are Ramanujan 
~ E F  

implies: 

2v/k - 1 
[Iflleeg(r/Nd -< 1 + -------if---- 
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(although notice that if X (F/Ni, F) are bi-partite, it is not true that one necessarily 

has I l l -  ll[@t~(r/Nd -< ----W---/" By the first claim of the theorem (proved above) it 

therefore suffices to show that: 

(11) Ilflle~(r/H) > 1 + -----s 
2 4 k  - 1 

Indeed, if (11) is not satisfied, then considering I]f-1][ we would get, using the fact 

that  on f2 (F /H)  one can always approximate the norm on non-negative functions 

in e2(F/H)  (by replacing functions with their absolute value), that  

4t l; II ~-~ lv < - -  

~2(r/H) 

2 V ~ -  1 

Therefore the norm of ~-~ ~ 17 on s (F /H)  achieves the minimum possible already 
7CF 

for the regular representation t2(F), and by Kesten's theorem (cf. [9, 4.5.3]) this 
implies that H must be trivial. | 

Remark. Notice that  we have actually established in the above proof the following: 
if F = (F} acts by measure preserving transformations on a probability space (X, p), 

and the averaging operator on L2(X,#)  defined by: T F ( f ) =  ~ , ~ F f o g ,  satisfies 

][TFI [ = ~ (k = [FD, then for any non trivial normal subgroup H ~ F ,  # is the 
unique H-invariant mean on L~176 This may be applied to the free subgroups 
F < SO(3), constructed in [12] (with X being the 2-sphere). 

We now present a more geometrical condition, giving rise to new sets of 
generators e.g., for SL2(Fp), which make the corresponding Cayley graphs an 
expander family: 

Theorem 4.4. Let H n TM SO(n, 1)~SO(n) denote the n-dimensional real hyperbolic 
space, Suppose that F < SO(n, 1) is a lattice (i.e., a discrete subgroup of finite co- 
volume), Ni <F a decreasing sequence of finite index normal subgroups, and H < F 
is any subgroup (not necessarily of finite index). Denote by AI(Ni\]H[ n) the first 
non zero eigenvalue of the Laplacian A acting on the Riemannian manifold Ni \ ~  n, 
and by Ao(H\]H[ n) the bottom of its spectrum on H k l ~ .  I f  

A o ( H \ I ~ )  < inf A I ( N i \ ~ )  

then statement 1 of Theorem 4.1 holds. If, moreover, H is normal in F, then 
statement 2 there holds as well, namely, there exists a finite set of elements in 
H whose projection to F/Ni yields an expander family of Cayley graphs (up to a 
uniformly bounded index M). 
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Proof. By Theorem 4.1 it suffices to show that  for every subgroup S of F, containing 
H,  we have: 

(12) e2(r/s) 

Indeed, if (12) does not hold for some H < S < F, then inducing both representations 
from F to G=SO(n,1) yields: 

(13) L2(G/S) -.< | 

as G-representations. Now consider only the class one (i.e. those with a K=SO(n) 
invariant vector) irreducible representations, weakly contained in the representa- 
tions of (13). By a well known result of Harish Chandra, these correspond, through 
the action of the Casimir operator, to the Laplacian spectrum, so from (13) we de- 
duce that  )~0(S\I-]P) > infikl (-]Vi\H n ). ~/e will therefore contradict the assumption 
of the theorem by showing that  ;k0(H\IHP ) >_ Ao(S\Nn). This, however, follows 
from the following general result: If M--* N is a covering of Riemannian manifolds, 
then ),0(M) >_ ;~0(N). We sketch the proof, which is probably well known to ex- 

perts: ;~0 can be characterized, on the one hand, as the bot tom of the L2-spectrum 
of A, but on the other, as the supremum of the "positive spectrum", i.e., the set 
of ;~'s for which there exists a positive continuous function f on the manifold, sat- 
isfying Af=;~ f  (see e.g. [29]). If M - ~ N  is a covering and f : N - + R  + satisfies 
A f  = ;~f then its lift to M has the same property, which shows that  the supremum 
for M is at least as that  for N, thereby proving our claim. | 

Theorem 1.1, stated in the introduction, follows from Theorem 4.4 when con- 
sidering G -- SL2(R) ~ S0(2,1), and using the recent improvement of Selberg's 
theorem due to Luo-Rudnick-Sarnak [15]: ;~I(Ni\H)> 0.21 for Ni the congruence 
subgroups of SL2(Z). Notice that  by the Jacquet-Langlands correspondence, the 
same bound on )~1 then holds for all the congruence subgroups of any arithmetic 
lattice in SL2(]R) (see e.g. [9, 6.3.4]). A result similar to Theorem 4.4 is valid for 
the complex hyperbolic space and G= SU(n, 1), with exactly the same proof. We 
remark that  it is convenient to take the lattice F in 4.4 to be arithmetic, and N i as 
its congruence subgroups. In this case, good estimates are known for inf,~] (Ni\]}tl n) 
(see e.g. [3] and the references therein). Notice that  even if we relax the question of 
expanders, Theorem 4.4 may still be of interest, presenting a spectral condition for 
a subgroup of an arithmetic lattice to be congruence dense (and hence also Zariski 
dense). 

Finally, we remark that  an improvement of the bound on A1 (Ni\ ]HIn) seemed to 
be conceptually related only to the quantitative size of the expanding coefficients 
of the resulting expanders. Theorem 4.4 shows that  such improvement has also 
qualitative implications on the possibility to choose different sets of generators for 
the finite quotients, which make them an expander family. 
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5. Amenable  Quotients  and N e w  Explicit  Construct ions  

In this section we first prove Theorem 1.3 stated in the introduction. Notice 
that  unlike the assumptions of Theorems 4.3 and 4.4, we do not impose in 1.3 any 
explicit norm estimate. The condition is more algebraic, and is easier to verify in 
many cases, so Theorem 1.3 is quite general in its nature. Following the proof of 
this theorem, we present an explicit new construction of expanding generators for 
PSL2(Fp) (p-lmod3 ), thereby illustrating both Theorems 4.4 and 1.3. 

It is possible to deduce Theorem 1.3 directly from Theorem 4.1, however we 
would like to present a proof based on Theorem 4.4. For the proof we shall need: 

Theorem 5.1. Let G be a rank one simple Lie group with finite center, and K <  G 
a maximal compact subgroup. Let r < G be a lattice, r = (F} (IFI < ~ ) ,  and Ni,~r 
be as ill Theorem 1.3. Then the following are equivalent: 

1. X (F/Ni, F) is an expander family. 
2. There exists c > 0  such that for all i one has AI(Ni \G/K)  >c. 

For F cocompact 5.1 follows from a general result of Brooks [4]. Partial results 
for noncompact F were considered by him in [5] (see also [6]). Brooks' approach 
is geometrical, while we present a short analytic proof which holds equally well for 
both the cocompact and non cocompact lattices: 

P roof  of h.1. The correspondence between the Laplacian spectrum on L2(Ni \G/K)  

and the class one G-representations (weakly contained) in L2(G/Ni), shows that  
assertion 2 is equivalent to: 

2'. 1 a ~ ~L2(G/Ni) 

Now, it is easy to see that  the equivalence between 1 and 2' is a special case 
of the following result: If F < G is as in Theorem 5.1, and lr is any unitary F- 

representation, then one has 1 I, -~Tr, if and only if 1G -~IndG~r (where Ind denotes 

unitary induction). The implication ~ in this assertion is simple, completely 
general, and follows from the "continuity of induction" in the Fell topology (see 
e.g. [9, 3.1.8]). The implication ~ is more subtle and was proved by Margulis [19, 

I I I . l . l l ]  under the assumption that  1 g ~ L2(G/F) (it is not known whether this 

assumption is necessary). For lattices in semisimple Lie groups it is known that  
this assumption is always satisfied (see [1]), and this completes the proof. | 

We can now turn to the 

Proof  of Theorem 1.3. The group F is an epimorphic image of a free group which 
may be taken as a lattice in SL2(N). Consider the inverse images of Ni and H 
under the assumed epimorphism, and notice that  all the assumptions lift to the 
free group. Now observe that  it is enough to deduce the assertion of 1.3 for the 
lifted subgroups of the free group, and then push it back to F, so, we may assume 
in the proof that F is already a free group which is a lattice in SL2(N). 
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Since X (P/Ni,F) is an expander family, it follows from Theorem 5.1 applied 
to G=SL2(N) that  there exists c > 0  such that A I ( N i \ H ) > c  for all i. On the other 
hand, the amenability assumption on F/H implies that  (and is in fact equivalent 

to) ,ko(H\N)=0.  Indeed, l r   e2(r/H), so inducing from r to G=SL2(IR) yields: 

iv _ L2(G/r) -< L2(G/H) 

and 1 a -< L2(G/H) is equivalent to A0(H\H)=0 .  We may now apply Theorem 4.4 
to complete the proof. | 

We now present an explicit new construction of expanding generators for 
PSL2(Fp). For a numerical study of the graphs obtained here see [14]. 

Let l ~ w  E C be a primitive cube root of unity, and PSL2(Z[w]) the projective 
group of matrices with entries in the ring ~g[w]. PSL2(ZIwl) is an arithmetic non 
cocompact lattice in PSL2(C) ~ S0(3,1) (local isomorphism), therefore if {Ni} is 

the family of its congruence subgroups, there is c > 0 such that  ,~I(Ni\H 3) > e. 
Recall that  by Theorem 5.1 we then have that  the (finite) congruence quotients 
form an expander family with respect to the projection of a global generating set. 

Let F be the fundamental group of the complement of the figure 8 knot. The 
following facts are known (see [24] and [8]): 

1. P has the presentation F = {a, b, x lxax- 1 = ab-1, xbx-1 = b 2a- 1 }. 

2. P can be embedded as a subgroup of index 12 in PSL2(Z[w]) via the identifi- 
cations: 

1 - 1  b H  x~-+ 
a~-~ _ 1 l + w  l + a J  

Henceforth we identify P with this embedding. Notice that  a,b are free gen- 
erators for a free, infinite index, normal subgroup F2 ~F, and that  F/F2 ~- (x)~Z. 
Hence F/F2 is amenable, which implies, as in the proof of Theorem 5.1, that  

A0(F2\H 3) = 0. Thus, applying either Theorem 4.4, or directly 5.1, we deduce 
that  there is a finite set of elements in F2 whose projection to the congruence 
quotients yields (up to a uniformly bounded index), an expander (Cayley-) graph 
family. Furthermore, as F2 is generated by a and b, we may as well take them as 
our finite set of generators. A particularly convenient subfamily of the congruence 
quotients of PSL2(Z[w]) is the groups PSL2(Fp), for those p for which a congru- 

ence projection PSL2 (Z[ca])--~ PSL2 (Fp) exists, namely, the primes p such that  the 
field Fp contains a primitive cube root of unity. As ]Wp is cyclic, such an element 

exists exactly if 3 divides I~pl i.e., p--lmod3. Now, by Theorem 4.4 or 5.1 we know 

that  the projection of F2 to PSL2(Fp) has a uniformly bounded index, however 

using the simplicity of PSL2(Fp) and the normality of F 2 in F, it is easy to verify 

that  for all p -  lmod3 F2 is mapped onto PSL2(Fp). Thus, the above discussion 
amounts to: 
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Theorem 5.2. Let w E C be a primitive cube root of unity. Then F = 

1 ' 1 + a; 1 §  generates (freely) a free discrete subgroup 

of PSL2(C),  which is of int~nite index in PSL2(Z[w]). For all p_~ lmod3 the natural 

projection of F to PSL2 (]Fp) generates the latter, and the graphs X (FSL2 (]Fp), F> 
form an expander family. 

As a different application of Theorems 4.4 and 1.3, consider the free group 
generated freely by the generators: 

F is an arithmetic lattice in SL2(R), in fact it has index 6 in SL2(Z). The 
commutator subgroup H = [F, F] has infinite index in F, however as in the previous 
example, F / H  is abelian (hence amenable), and A 0 ( H \ H ) =  0. Thus one can find 
there finitely many elements (in fact, commutators), which, up to a uniform finite 
index, make the Cayley graphs of the congruence quotients an expander family. The 
free subgroup F1 < F generated by this finite set of elements is no longer normal, 
and in fact, it can be shown that  A0(FI \H)>0.  Using Theorem 1.3 one may then 
continue this process with the free group F1, and again go deeper to find a new set of 
expanding generators. Note that  as before, since the groups PSL2(Fp) are simple, 

we generate them in every stage. However, it is not clear how deep inside SL2(Z) 
one gets in this algorithm, again, as the proof is completely non-constructive. 
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