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All the known explicit constructions of expander families are essentially obtained by consid-
ering a sequence of finite index normal subgroups N; <T', and taking the Cayley graphs of I'/N;
w.r. to the projection of a global finite set of generators of I'. For many of these examples (e.g.
T'=S5L5(Z), T'/N; = SLy(Fp)), we present first constructions of new, different, sets of generators
for the finite quotients, which make the Cayley graphs an expander family. An intrinsic connection
between the expanding property and uniqueness of the Haar measure on an appropriate compact
group, as an invariant mean, is established and used in the construction of such generators.

1. Introduction and Statement of the Main Results

The theory of expanding graphs has had some remarkable developments in
the last two decades. Explicit constructions of expanders have been presented
using deep mathematical tools such as Kazhdan’s property (T'), the Ramanujan
conjecture (proved by Deligne), and Selberg’s theorem (see [9] for a comprehensive
exposition of the subject). Typically, the expander graphs so-obtained are Cayley
graphs X (G;, S;) of finite groups {G;}, where for each 7 S; is a set of k generators
for the group G; (with k fixed). Moreover, there is a countable group I, generated
by a (symmetric) set of k elements S, such that each G; is a quotient of T, and S
is mapped onto each S; under the quotient map. A fundamental problem in this
theory is to understand how rigid are those sets of generators, of the finite groups,
which make the corresponding Cayley graphs an expander family:

Question (Lubotzky—Weiss [16]): Does there exist an infinite family of finite groups

{G;}, a fixed integer k, and two systems of generators for the G,’s: Si,Sz{ with

|S;|=|Si|=k, such that X (G;,S;) is an expander family while X(G’,—,Sé) is not?
If all the G;’s arise as above, as quotients of one finitely generated group T,

then changing one set of global generators to another, clearly does not change
the expanding property. The problem becomes subtle when we change “locally”
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systems of generators for each G; independently. In the present paper we investigate
this question and exhibit examples of new expanding sets of generators for known
families of finite groups. Our systems of generators are “global” in some sense:
they are obtained by projecting sets of elements from the group I'. However, in T’
these sets generate subgroups of infinite index.

Qur first construction involves a distinguished family of graphs, so called
“Ramanujan” (see the definition preceding Theorem 4.3 below), which are obtained
as Cayley graphs of quotients of one finitely generated group.

Theorem 1.1. Let I' = (F) be a group generated by the finite symmetric set F.
Suppose that {N;} is a decreasing sequence of finite index normal subgroups, and
that X (I'/N;,F) are Ramanujan graphs. If {e} # H<T is any normal, non-trivial
subgroup, then:

1. There exists M < oo such that for all i one has [T'/N;: HN; /N;] <M.

2. There exists a finite set Fy C H such that the Cayley graphs X (HN;/N;, F1)
form an expander family.

Theorem 1.1 is a special case of a general result proved in 4.3. Recall that
the Ramanujan graphs constructed in [11] and [18] (see also [20]) can be obtained
as in Theorem 1.1, where I’ is a free group. Theorem 1.1 therefore presents a rich
family of new expanding generators for the quotients. We remark, however, that
the proof of this result, as well as the others described in the sequel, is completely
non-constructive.

The following is the 2-dimensional case of a result which we consider in 4.4:

Theorem 1.2. Let H < SLa(Z) be a subgroup (not necessarily of finite index), which
is normal in some congruence subgroup. Let Ay denote the bottom of the Laplacian
spectrum on the Riemannian manifold H\H (the quotient of the hyperbolic plane
H by the H-action — recall that for any discrete subgroup H one has 0< )9 <0.25).
If A\ <0.21 then:

1. There exists M < oo such that the projection of H to every SLa(¥,) generates
a subgroup, denoted SLo(Fp), of index <M.

2. There exists a finite set F C H such that the Cayley graphs X (SL2(Fp) g, F)
form an expander family (even though H itself may not be finitely generated).

When H = SLy(Z) we have A\g = 0, and thus Theorem 1.2 amounts to the
well known construction of expander graphs on SLo(Z)-generators. The value 0.21
comes from the recent improvement of Selberg’s theorem due to Luo—Rudnick-
Sarnak [15]. It would be interesting to eliminate the normality assumption in
Theorem 1.2, and we believe that this should be possible (we shall see that for
statement 1 there, this assumption is indeed redundant). A proof of this conjecture
will provide many more sets of expanding generators. In fact, one can show that
then Selberg’s conjecture, which replaces the value 0.21 above by 0.25, implies that
“most” finite sets F'C SLy(Z) have this expanding property; for instance, any set
which does not generate a virtually cyclic subgroup and contains a unipotent matrix
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(this follows from a result of Beardon -cf. [21, Cor.2], and covers the question of

1 *£3 1 0 . .
F—(O 1 ) (:t?) 1> raised in [10]).

The value Ag(H\H) for discrete subgroups of SLy(R), or, more generally,
Ao (H\H™) for subgroups H <.SO(n,1), was extensively studied in relation to other
asymptotic properties of the subgroup H (see e.g. [22] and the references therein).
In particular, many examples of subgroups satisfying the assumption of Theorem
1.2 are known, and in Section 5 we shall describe an ezplicit one (with concrete
matrices), thereby obtaining expanding generators for PSLy(Fy), p=1p04d3, coming
from PSLy(C), which do not generate a lattice (see Theorem 5.2 below). This
explicit new construction was recently investigated numerically by J. Lafferty and
D. Rockmore [14], and turns out to yield surprisingly good expanders (almost, but
not as good, as Ramanujan graphs). The construction is also a special case of the
following general result, which we prove in Section 5:

Theorem 1.3. Suppose that I' = (F) and {N,;} are as in 1.1. Assume that
X{U/N;, F) form an expander family, and that H «T" is a normal subgroup for
which the group I'/H is amenable. Then statements 1 and 2 in Theorem 1.1 hold,
namely, there exists a finite set of elements in H whose projection to I'/N; yields
an expander family of Cayley graphs (up to a uniformly bounded index M ).

The proofs of the above results depend heavily on functional analysis tools.
Extreme points and the Krein—Milman theorem, weak and strong topologies, and
above all, the notion of invariant mean, play a fundamental role in our approach.
The striking work of Lubotzky-Phillips—Sarnak [11], [12] revealed a surprising con-
nection between the Ruziewicz problem and the construction of expander graphs,
although this connection was somewhat circumstantial. In this paper we shall link
the two problems together, and use considerations regarding invariant means to
obtain the above results. Our approach is to translate the expanding property of
I'/N;, to one concerning the uniqueness of the Haar measure on the profinite cor-
pletion G =l£r_nI‘/Ni as a [-invariant mean on L°°(G), and prove this uniqueness

under appropriate conditions. The uniqueness question itself is not treated here as
an object, but only as a tool for the combinatorial purposes, although some conclu-
sions about the former can be drawn. For instance, from the proof of Theorem 1.1
one can deduce that if I' < SO(3) is a free subgroup as constructed by Lubotzky—
Phillips-Sarnak in [12}, and {e} # H <T" is any non-trivial normal subgroup, then
the Lebesgue measure on the 2-sphere is the unique H-invariant, finitely additive
measure, defined on all the Lebesgue measurable subsets (see also the remark pro-
ceeding Theorem 4.3).

The main auxiliary result, which connects the notion of invariant mean to
the combinatorial questions, is presented in Theorem 2.4 below. It is proved in
(28], while here, for completeness, we give an almost full proof (without explaining
one technical point which appears there). Theorem 2.4 connects the problems of
expander graphs and invariant means with another theme, motivated by the work
of Lubotzky-Phillips-Sarnak, namely, “Hecke operators of group actions”. In [28],
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which is complementary to the present paper, it is put in a more general perspective
and the following is deduced:

Theorem. Let I' be a finitely generated group acting by measure preserving trans-
formations on a probability measure space (X, p) (we do not assume ergodicity or
that u is non-atomic). Then one, and exactly one, of the following holds:

1. There exists a subgroup H <I" of finite index which acts trisdally.on L>{X, u).
2. There exists a subgroup of infinite index H <T" such that as I'-representations,
{2(D/H) is weakly contained in L?(X,u) (see Definition 2.3 below).

This result implies, on one hand, Alon—-Boppana's well known theorem (cf.
[9, 4.2.6): liminf Ay (Xp, 1) > 2vEk~—1 for any infinite sequence of k-regular graphs.

On the other hand, it shows that for any (say, symmetric) set S, of k measure
preserving transformations of a non atomic probability measure space (X, p), the

corresponding averaging operator Tg, on the space L3(X,p) of zero mean L2
functions, satisfies the norm inequality:

2vk -1

>
I Tsll = .

(The case where X is the 2-sphere and S consists of elements from SO(3) was
treated in [12], G. Pisier [23] proved it when SCSU(N) and X is the complex unit
N-sphere for any 2< N €N).

The rest of the paper is organized as follows: in Section 2 we consider some
preliminary facts related to means on L*°(X, ) and weak containment of unitary
representations, and prove the main auxiliary result -Theorem 2.4. In Section 3 we
show how to connect questions about expanders to invariant means on the profinite
completion of a directed sequence of finite groups, and in Section 4 prove the main
results (including Theorems 1.1 and 1.2 above). Finally, in Section 5 we study co-
amenable subgroups (Theorem 1.3 above), and illustrate our results by constructing
a new example of an expander family.

Acknowledgment. We would like to thank deeply Alex Lubotzky, who introduced
to us the beautiful world of expanders, for many illuminating and intriguing dis-
cussions on the subject, and for helpful remarks on the manuscript. Thanks are
due also to Bob Brooks and Alan Reid for bringing to our attention some useful
relevant references.

Added in Proof. Using the methods developed in this paper, we were recently able
to remove the normality assumption in Theorem 1.3 (for the precise result see:
“Expander graphs and amenable quotients”, to appear in “Emerging applications
of number theory”, IMA Volumes in Mathematics, Ed.: D. Hejhal et al.). We
still do not know, however, whether this assumption is necessary for the results of
Section 4.



EXPANDING GRAPHS AND INVARIANT MEANS 559

2. Preliminaries

Means on L*°(X, p). Here and throughout the rest of the section, (X, ) denotes a
probability measure space, i.e. u is a o-additive probability measure, defined on a
o-algebra B of subsets of X (which we shall seldom mention explicitly, for brevity).
For 1 < p < oo, the space LP(X, ) has its usual meaning. L%(X,u)*, the dual
space of L™ (X, ), is equipped with both the norm and weak-* topology, and has a
natural ordering: if mi,mg € L°°(X, u)* then my >my if for every 0< f € L®(X, 1)
one has m1(f) >ma(f). A mean on L*°(X,u) is a positive element in L>®(X, u)*
with m(1)=1. Notice that by Alaoglu’s theorem, the set of means on L™(X, ) is
compact in the weak-* topology.

There is a natural bijection between the non-negative functionals, denoted
L®(X, )}, and finitely additive measures m defined on the measurable sets and

continuous with respect to u (i.e. u(A)=0=>m(A)=0). Indeed, if p € L°(X,p)*
then one defines m(A) =¢(14) and conversely, given such measure m, om(f) =
J fdm belongs to L®°(X,u)%. By abuse of notation we shall fail to distinguish
between the two objects and identify a measure with its corresponding functional.

Definition 2.1. Given two elements my,mg € L°(X, )% define:
m1 Amao(A) = inf{m1(B) + ma(A — B)|BC A, B e B}.

It is easy to verify the additivity of mjAmy (see e.g. [2, 2.2.1]). As it is clearly
non negative (it may be zero, even if mj,m2 are not), and continuous with respect
to p1, we have miAmg € L% (X, )% . Obviously, mi Amg <mj,mz. In fact, mj Amg

is the largest element in L%°(X,u) with this property.

Lemma 2.2. For any two means m1,my the following are equivalent:
1. miAmg=0.
2. For every >0 there exists AC X such that mj(A)>1~—¢ and mp(A)<e.
3. |lm1 —ma||=2 (norm on L%°(X, u)*).
Furthermore, if mo=y then 2 may be replaced by:
2'. For every £ >0 there exists AC X such that m1(A)=1 and u{A) <e.

Proof. 1=2: Follows from the definition.
2=>3: Take f=14—-1x_4.
3= L If || flloo=1 and my —ma(f)>2—¢, take A={z|f(z)>0}.

Clearly 2’ implies 2. Conversely, if mg =y, given & >0 take for every n a set Ap
satisfying m(A4n)>1~ 5% and p(An) <4%. Then the set A=UA,, is as required. Il

Weak containment of unitary representations. The notion of weak containment of
unitary representations will be essential for our discussion:

Definition 2.3. Let T' be a discrete (resp. locally compact) group, and (o,%),
(m,#7) (continuous) unitary representations of I'. We say that o is weakly contained
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in 7, denoted o <, if for every finite set of vectors vy,--+, v, € #, a finite (resp.
compact) subset F'CT', and £ >0, there exist uj,- -, up €# such that for all ye F
and 1<1q,7<n:

(1) (o (9)vi,v;) = (m(g)usyuj)| < &

By a simple approximation argument, notice that to show ¢ <« it is enough
to fix a (say, orthonormal) base {v;} for #,, and establish (1) when the finite set
of vectors v; is taken from this base.

The following theorem links invariant means and the notion of weak contain-
ment. It is fundamental for the results obtained in the sequel:

Theorem 2.4. Let I be a countable group acting by measure preserving transfor-
mations on a probability space (X, ). Assume that m is a mean on L (X, ) with
the following properties:

1. mAp=0.
2. Vv €T either ym=m or ymAm=0.

Let S = Stab(m) = {vy € [|ym = m}. Then £2(I'/S) < L3(X,u) as I'-
representations {where L%(X ,/t) denotes the natural representation on the space
of zero mean L?-functions and £2(I'/S) is the regular representation on the coset
space I'/S).

As mentioned in the introduction, the proof of Theorem 2.4 will appear in [28].
However, for completeness, we outline the proof here, avoiding one technical point
which is explained in details there.

Sketch of proof. Fix once and for all a sequence ~; €T such that ;S are represen-
tatives for the cosets vS. Denote by ¥; the coset ;.5 and notice that the functions

1, form an orthonormal base for £2(I'/S). Now use the remark after Definition 2.3
for this base, namely, given a finite subset F7 CI', £ >0, and a finite set of functions
1., we need to exhibit functions y; EL% (X, p) such that for all ,3:

1<717i, 17].> — <’Y<Pz'a90j>} <e VyeR

namely,
(2) i<7j_1'mla 1z> — (vei, %)‘ <e Yye R

Notice that the left expression in (2) is 1 or 0, depending on whether qu—l'yfy,-
is in S or not. Therefore, if we group together, in a large finite set FF C T, all
the elements in T’ of the form ’yj_lfy'yi obtained above, it clearly suffices to find

pEe L%(X, ) such that:

(3) [{vp,0) —1| <e for y€ FNS
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and
(4) Kve,p)l<e foryeF -8

For then, the functions ¢; =+;¢ satisfy (2). To find such ¢ we use the mean m given
by 2.4 as follows: The natural embedding of L}(X,u) in L®(X,u)* = L1(X,u)**
has a dense image so there exists a net fo € L1(X,p), fa >0||fal|=1, with fo —m
(ie. Vo€ L®(X,u): [ fapdp— m(p)). For y€S, vfa—ym=m, so fo —7fa—0
weakly. As weak and strong closures of convex sets coincide, we may replace the
fa by convex combinations hg, such that he—m and ||hg —vhe||—0 for all y€ S
(again hg >0, ||hg|| =1). Notice that using pAm =0 and Lemma 2.2, we may
assume that:

pl{z|ha(z) >0} —0
Also note that the assumption ymAm = 0 for v ¢ S (or equivalently, by 2.2,
|lm —ym|| =2) implies that for any such v one has ||hq —vha|| — 2. Therefore, by
taking an appropriate h € {hy} we get, for any fixed finite set F'CI' and £>0, a
function h>0 (||hf|1 =1) which satisfies the following three properties:

(5) pl{z|h(z) >0} < ¢
(6) |h—~h|1 <e for yeFNS
(7) |h—~hl1 >2—¢ foryeF -8

Our first candidate for a function satisfying (3) and (4) above is then ¢ =+v/h. It
is not difficult to verify that (6) implies that ||o — ypll2 < 2¢ and thus (3) holds.
Similarly, one “should” deduce from (7) that ¢ and vy are “almost” orthogonal and

deduce (4). One problem is that we need the function ¢ to be actually in L3(X, u).
This is solved using (5) which implies:

/w(w)du(w) =/ 1a(x) - p(z)dp(z) < [1all2llellz < ve (where A = {z|h(z) > 0}).

Therefore we can “correct” ¢ by replacing it with p— [ weL%(X 1), and as [ is
small, the considerations above will not be affected. The second and more significant

problem is that unfortunately, (7) does not imply that <\/E,'y\/ﬁ> is small for a

general function h. However, it is easy to see that this implication does hold if
h=1p/u(B) (for any set B). Thus, to complete the proof one needs to consider
the technical issue of obtaining an appropriate set B from a function h satisfying
(5), (6) and (7). This is done in [28] using a “slicing” method of Namioka. |

Remark. The reader familiar with the Ruziewicz problem, has probably noticed
that the proof above applies a similar argument, based on an idea of Namioka,
to the one used in [25] when presenting the key ingredient to the solution of that
problem. However, here we need more, namely, one seeks for arbitrary small sets
which are “almost invariant” with respect to the action of some elements, and
“almost disjoint” for the action of others.
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3. Invariant Means and the Expanding Property

We begin by recalling the definition of the main object of this paper:

Definition 3.1. A finite k-regular graph X = X(V,E) with a set V of n vertices is
called an (n,k,e) expander if for every subset ACV:

194] > ¢ (1 - ‘A‘) 14

n
where 0A = {y € V|d(y,A) =1} is the “boundary” of A (d the distance function

on X). A family of finite k-regular graphs (k-fixed) is called an expander family if
there is £ >0 such that all of them are (n,k,e) expanders.

Naturally, the notion of expander family is interesting for an infinite family of
graphs. By counting arguments it is known (see [26]) that “most” k-regular graphs

are (n,k, %) expanders (at least for k> 5), but explicit constructions are difficult,
and all of them are essentially Cayley graphs of finite quotients of certain countable
groups. If G is a finite group generated by a (symmetric) set F then the Cayley
graph of G with respect to F will be denoted by X (G, F).

Let I" be a countable group and F CT' a finite set. Let -+ < Ng < Ny <T
be a decreasing sequence of finite index normal subgroups. The assumption of
normality here is redundant, as one may consider “Shreier graphs” instead of Cayley
ones, however conceptually it is easier to work with the latter. The following well
known result enables one to investigate expanding properties of Cayley graphs using
representation theoretic tools:

Theorem 3.2. For any finite (symmetric) set F' QI‘, and subgroups N; <T as above,
the following conditions are equivalent:

1. There is € >0 such that the Cayley graphs X (U'/N;,F) are ([[': Ny}, |F|,e1)
expanders.

2. There exists €9 >0 such that for every representation:
g/my = {1 e ewml [ 10}

and every unit vector v L3(I'/N;), there exists y€ F such that ||yv—v|| >e2.

For a proof see [9, 4.3.2]. It is important to notice that we do not assume
in 3.2 that F generates I' (in fact T may not be finitely generated). Observe

also that if i > j there is a I-embedding ¢2(I'/N;) C £2(T'/N;) induced by the
natural projection from I'/N; to I'/N; (we assume all the counting measures are
normalized). Therefore, one may define naturally the increasing limit lim £2(T'/N;),
as well as lim£3(T'/NV;), the latter being as in Theorem 3.2 (we shall shortly give

another description of these representations). Hence we see that condition 2 in 3.2
may be replaced by:
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. There exists £3 >0 such that for every unit vector v€lim¢3(T'/N;), there exists
v € F such that ||yv—ov||>es.

Let G =1imI'/N; be the profinite completion of the directed sequence I'/N;.

Then G is a compact (totally disconnected) group, and we denote by p its (normal-
ized) Haar measure. I' is embedded naturally and densely in G, and its (measure
preserving) multiplication action induces a unitary representation on L%(G,u)— the
space of zero integral square-integrable functions on G. It is easy to verify that

( ,it) and Lim £2 5(I'/N;) are isomorphic I'-representations, which shows that in
condltlon 2’ we may replace them. We then have:

Theorem 3.3. Let I" and the N;’s be as above. Then the following are equivalent:
1. There exists a finite subset F' CT such that X (I'/N;,F) form an expander
family.
2. 1p ALE(G, 1) as [-representations (1p denotes the trivial I-representation).

3. u-integration is the unique I'-invariant mean on L*°(G,pu).

Proof. 1=-2: Follows from 3.2 (1=-2') and the remark preceding 2’.

2=1: By definition, if (7,#) is any I-representation with 1 47, then there exists
a finite set F'CI" and >0, such that for all v€# with ||v||=1 there exists Y€ F

with ||7(y)v—v|| >¢e. Now use again 3.2 (2’ =1) replacing lim €3(I'/N;) by L(G, p).

24 3: This is a special case of the results of Rosenblatt [25] (2=>3) and Schmidt
[27] (3= 2), which discuss general measure preserving actions of countable groups. i

In the sequel we shall only need the equivalence between 1 and 3 in Theorem
3.3. As the proof shows, the notion of weak containment plays an essential role
in establishing this connection. We shall make a deeper use of Theorem 3.3 in
the next section. Here we confine ourselves to showing how it unifies questions
about uniqueness of invariant means with ones regarding expander graphs (thereby
connecting some of the problems raised in [9, Ch.10]).

Proposition 3.4. Let ---— G9— G be an infinite directed sequence of finite groups
and G = limG; their inverse limit. Let p be the Haar measure of G. Then the

following are equivalent:

1. There exists some k and a choice of k generators {91, Gk,i} for each G;, such

that the Cayley graphs of the G;’s with respect to these generators form an
expander family.

2. There exists a finitely generated group I' < G such that p is the unique I'-
invariant mean on L*°(G, ).

As mentioned in the introduction, an intriguing question is whether an ex-
pander family of Cayley graphs has this property with respect to every choice of k
generators for each group. There is no known example or counterexample, however,
analogous to Proposition 3.4, we can put the question in another perspective:
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Proposition 3.5. Keeping the notation of 3.4, the following are equivalent:
1. For every k and any choices of k generators for each G;, the corresponding
Cayley graphs form an expander family.
2. For every finitely generated dense subgroup I' <G, p is the unique I'-invariant
mean on L (G, u).

Proof of 3.4. 1 = 2. Let £ > 0 be such that all the k-regular Cayley graphs are
(n,k,e) expanders. For every i choose any k elements g} ;,--+,g}, ; €GX+--x G such

that their projection to G; identifies with g ;,--+,gx ;. Recalling that GX..-xG is

compact, we may take a subsequence of the sequence (g’l PR g}c l) which converges,

say, to (g1,--,gxk) € G¥. We claim that T'=(gy,---,g3) satisfies condition 2 in 3.4.

Indeed, by Theorem 3.3 we need to show that 1p A L%(G,/L) as I'-representations,
which is equivalent to the existence of £ >0 such that for every i and a unit vector
v € £2(G;), there exists g € {g1,---,9x} such that |lgv—v|| > & (g acts through
the natural projection from G to G;). However, the existence of such ¢ follows

from the assumption, Theorem 3.2, and the observation that for any fixed G, the
projection of g1, -+, gk to G; identifies with the projection of some g j,---, gy ; for

j > i large enough (so that (gy,;,--,gx ;) is “close” to (g1,--+,gx)). For that j,
X <Gj, (91,5, ,gk,j)> is an (n,k,e) expander and as ¢2(G;) is embedded in Zg(Gj),
the same estimate holds when projecting to G;.

2=-1. If N; denotes the kernel of the natural projection I' = G;, we have that
G=lim T'/N;, and the claim follows from Theorem 3.3 (3=-1). |

The proof of Proposition 3.5 relies on similar ideas as in that of 3.4, and is
omitted.

In Condition 2 of 3.4 the assumption that T’ is finitely generated can be
weakened by assuming only that I' is countable. This follows from the fact that if
147 as [-representations, then this is so already when restricting to an appropriate
finitely generated subgroup of I'. We do not know, however, if this assumption can
be weakened further by assuming only that p is the unique G-invariant mean,
and this seems to be a rather subtle question. Notice that the action of G on
L*{G,p)* is not continuous {and not even measurable), thus invariance under a
dense subgroup does not guarantee G-invariance. Let us give an example, based
on one presented by Lubotzky and Weiss [16, 4.5]: For G = HN SLp(Z/mZ) it is

me

shown there that G contains no finitely generated dense amenable subgroup, but it
contains the dense amenable subgroup @&SLn(Z/mZ). Notice that G has a dense
finitely generated subgroup T' for which 1p A L3(G, ), namely, T = SL,(Z) (for
n > 2 this follows from property (T), while for n =2 from Selberg’s theorem, see
[16]). Consequently, p is not unique as an @SL,(Z/mZ)-invariant mean, but it
is unique as a G-invariant mean, as it is already unique for the action of SL,(Z).

We do.not know if there is a finitely generated dense subgroup for which u is not
unique. As shown in 3.5, this discussion could equivalently and equally well be
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given in the language of the expanding property, namely, the Cayley graphs of
SLp(Z/mZ) are expanders with respect to the projection of generators of S Ly (Z),
but are they expanders for any choice of & generators in each one separately? An
interesting test case is the following question raised in [16]: If G is a compact group
containing finitely generated dense subgroups A, B, such that A is amenable and B
has property (T), is G necessarily finite? The challenging case, and the one relevant
to our discussion, is when G is totally disconnected. As was shown, relaxing the
finite generation assumption yields a negative answer.

Finally, although it diverges from our main discussion, we would like to use
the opportunity to highlight the naturality and interest in questions regarding
finitely additive invariant measures with another brief example. Recall that if
I'(N) C T = SLy(Z) denote the (principle) congruence subgroups, then Selberg’s

theorem asserts that A\; (I'(N)\H) > % (where H denotes the upper half plane).
"This is a deep number theoretic result, and it would be of great interest to produce
a more elementary proof for a “qualitative” Selberg theorem: Ay (I'(N)\H) > ¢ (for
some, perhaps unknown, ¢>0). Using Theorem 3.3 one can deduce:

Theorem 3.6. Let Z= [] Zy be the (compact) ring of adélic integers. Then the

p prime
following are equivalent:
1. A qualitative Selberg’s theorem holds (i.e., 3¢>0 with A\; (T(N)\H) >¢>0).

2. The Haar measure on SLQ(Z) is the unique SLy{Z)-invariant, finitely add1t1ve
measure, defined on all the Haar measurable subsets.

Sketch of proof. It can be shown, using the non-amenability of SLy(Z), that any
measure as in 2 of the theorem must be continuous with respect to the Haar measure

on SLa(Z) (see [9, Prop. 2.2.12]), and so it defines a mean on L®(SLg(Z)). Thus
Theorem 3.3 may be applied, as soon as we know that A{(T'(N)\H) > ¢ > 0 is
equivalent to I'/I'(IV) being an expander family. For this use Theorem 5.1 below. il

4. The Main Results

Our main results will be deduced from the following:

Theorem 4.1. Let I' be a countable group and --- < Ny < Ny < T’ a decreasing
sequence of finite index normal subgroups. Let H <T' be a subgroup (not neces-
sarily finitely generated, or of finite index) with the following property: For every
subgroup S < T containing H, one has:

(8) 2(T/S) # &L3 (T/N;)

as I'-representations. Then the following holds:
1. There exists M < co such that for every i one has [I'/N;: HN;/N;)< M.
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If, moreover, H is normal in ", then the following holds as well:

2. There exists a finite set F' C H such that its projection generates every HN; /N,
and the Cayley graphs X;=X (HN;/N;, F) form an expander family.

Proof. 1. Let G=1imI'/N;. The assertion is equivalent to the claim [G: H] < co

(H being the closure of H in G, in its natural embedding). Assume the contrary,
and let d be any G-invariant metric on G (compatible with the topology). Denote
S=THNT and for every n set Ap = {z € G| d(z,H) < 1}. Notice that for every
v €S one has vA, = Ay, whereas for any y€T'— S: vA,NA, =0, for all n with
% <d(yH,H). For every n define the measure: my(B)=pu(BNAy,)/u(An), viewed
as a mean on L*°(G), and let m be any limit point of m, (in the weak-* topology
on L*®(G,u)*). Since u{A4,)— 0, mAp=0. Furthermore, for every v€ S we have
YMp =My, s0 m is S-invariant. On the other hand, if vy&€I'— S there exists a set
Ay, such that m(A,)=1 and ym{A,)=0, so ymAm=0. Therefore, m satisfies the
conditions of Theorem 2.4, while the conclusion of the latter contradicts (8), so 1
is established.

2. We first claim that in the assumption (8) one may replace I' and the N;’s
by IY=TNH, N/=N;NH. Indeed, notice that N; =N for all i large enough since
from 1 it follows that H is open in G (and we may clearly assume that the N;’s have
trivial intersection). As the N;’s are decreasing, the sum in the right hand side of
(8) can be taken starting from any %, therefore, if there exists H < S <I” with

2 (1'/S) <@g (T'/N]) = 3 (T'/N;)

as [-representations, we can induce the representations to I, thereby contradicting
the assumption. Thus we assume hereafter that H = G = imH N;/N; and by

Theorem 3.3 we need to show that u, the Haar measure of G, is the unique H-
invariant mean on L>®{G,u).

Consider the set My of H-invariant means on L°(G, 1), which is a (weak™*-)
compact convex set. Let Fxt My denote the set of extreme points in Mg. Recall
that a point z is said to be extreme if for every y,z € Mg, and 0 <t < 1 with
z = ty+ (1 —t)z, necessarily z = y = 2. From the definition it is clear that if
m € Ext Mg and m’ € L°(G, u)* is non-negative, H-invariant, and satisfies m’ <m,

then m/ =tm for some 0<t<1. Therefore, recalling that mj Amg <mj,m2 (and if
m1,ms are H-invariant then so is m1 Ama), we deduce the following:

(%) i my,mo € Ext My then mi =ms or mj Amg=0.

Now comes the only, but crucial, argument in which the normality of H in I is
used. This assumption implies that Mg is invariant under the " action. (Indeed,
if me My, yeT', h€ H then hym = vh'm = ym, so ym is H-invariant as well).
Furthermore, as the [-action preserves convex combinations, Ezt Mg is also I'-
invariant. Assume now that p is not unique as an H-invariant mean on L°(G,y),
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so My has more than one point. By Krein-Milman’s theorem My is the closure of
the convex hull of Ext My, so in particular Ext My must contain a mean m 3 y.
We claim that m satisfies the two assumptions in Theorem 2.4 (with (X,p)=(G,
Haar measure)). Once this is verified, the proof will be complete, for Theorem 2.4
implies:

£2(r/8) < LY(G) =< ®€3(T/N;)
(H < S=Stab(m)), contradicting the assumption (8).

Indeed, condition 2 in Theorem 2.4 holds by (%) above and the fact that for
every v€T1', we have ym € Ext M. To show that condition 1 in Theorem 2.4 holds
as well, it suffices, again by (x), to prove that p € Ext My (recall m % u). This
follows from the density of H in G or, more generally, from the ergodicity of its
(multiplaication) action on G, as the following shows:

Lemma 4.2. Suppose that the group H acts ergodically, by measure preserving
transformations, on a probability measure space (X,u) (i.e. every H-invariant
measurable set is either null or has full measure, equivalently, every H-invariant
feLY(X,p) is u-essentially constant). Then y is an extreme point in the (compact,
convex) set My of H-invariant means on L™ (X, u).

Proof. Suppose tm1+ (1 —t)mo=p with 0<t<1, m1,mg € My. We need to show
that mq = (similarly, this would show mg = ). Indeed, my < u/t so if A, — 0 is
a decreasing sequence with empty intersection, then mi(4,) — 0. It follows that
the additive measure mj is in fact s-additive, and as it is continuous with respect

to p, it follows from the Radon—Nikodym theorem that there exists f € L1(X,u)
such that mi(p)= [ fdu. As mj is H-invariant, so is f, and by ergodicity f=cp.
Since everything is normalized, ¢=1, which completes the proof. B

Remarks. 1. In contrast to the second part of Theorem 4.1, where we cannot
do without the help of invariant means, this is not the case for part 1. A direct
proof of 1 would use the sets A,, defined there, which already have all the required

properties enabling one to “weakly embed” ¢2(I'/S) in L%(G,u), exactly as in the
proof of Theorem 2.4. To avoid repeating this argument we introduced the invariant
mean, thereby applying directly 2.4.

2. We would like to emphasize the exact assumption needed instead of the
normality of H: If " acts on (X,u) and H <T acts ergodically such that y is not
unique as an H-invariant mean on L (X, 1}, then there exists an H-invariant mean
m such that mAp=0, and for every v €T either ym=m, or ymAm=0.

The proof of Theorem 4.1 shows that if H is normal in T then the assumption
in the second remark above is always satisfied. A different approach to proving this
assumption may also remove the use of extreme points, although this seems less
probable. We remark that in [7] it is shown that if 4 is not unique for an ergodic
measure preserving action, then there are 2¢ different invariant means {where c is the
continuum cardinality), but the proof there does not seem to give the information
we need.
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We now turn to the results stated in the introduction. Recall that a (finite)
k-regular graph is called Ramanugjan if every eigenvalue A of its adjacency matrix

is either £k or satisfies [A\| < 2v/k—1. The value A = —k occurs exactly if X is
bi-partite.. By a theorem of Alon-Boppana (which motivated the interest in this
notion), Ramanujan graphs are those regular graphs which satisfy the strongest
asymptotic bound on their eigenvalues. Such graphs (actually the only known
infinite family of k-regular graphs) were constructed in [11] and [18] (and later, using
similar methods, in [20]), essentially as quotients of free groups. These Ramanujan
graphs were shown to share many extremal properties, to which we now contribute:

Theorem 4.3. Let I" be a countable group, and N;<T a decreasing sequence of finite

index normal subgroups. Let H < T be a subgroup for which some 0 < f € El(I‘)
satisfies:

1F 2oy my > 1 lgpez r /v

(when the representations are extended naturally to £1(T")). Then:
1. There exists M < oo such that for all i one has [['/N;: HN;/N;] < M.
Furthermore, if H<I' then:
2. There exists a finite subset F' C H, such that its projection generates each
HN;/N; and X (HN;/N;, F) form an expander family.
In particular, if ' = (F) (F CT finite and symmetric), and X (I'/N;,F) are
Ramanujan graphs, then for every non-trivial H<T" assertions 1 and 2 above hold.

Proof. By Theorem 4.1 it suffices to show that for every H < S one has:
(T/S) £ &L5(L/N;)

Assuming the contrary, we get for some S and every f ELl(I‘):

(9) 1Fllezrysy < W llgezqrynyy

(Actually, (9) is equivalent to a slightly weaker definition of weak containment than
the one given in 2.1). In particular, this holds for every 0< f. However, for such f
one has

(10) Wlleer/my < W fllezrys)

This follows by considering the measure v on I" having f density with respect to the
counting measure (normalized to be a probability measure), the interpretation of
the norm of the convolution operator T}, as the return probability of the v-random

walk, and the fact that I'/H covers I'/S. However, (9) and (10) together contradict
the assumption.

To prove the second assertion regarding Ramanujan graphs, denote [F| =k
and consider f = 1—1—% > 14. The assumption that X (I'/N;,F) are Ramanujan
vyeF
implies:

2vk -1

I logr/my 1+ —F—
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(although notice that if X (I'/N;, F) are bi-partite, it is not true that one necessarily
2vVk—1 . .
has || f~ 1||@eg(r/1v,-) < S49=). By the first claim of the theorem (proved above) it

therefore suffices to show that:

2k - 1
(11) I llez(ryary > 1+ ——

Indeed, if (11) is not satisfied, then considering || f —1|| we would get, using the fact
that on £2(I'/H) one can always approximate the norm on non-negative functions
in £2(T'/H) (by replacing functions with their absolute value), that

1 2vk —1
P2 ST%
vyeF £2(0/H)

Therefore the norm of l_fl‘ﬂl > 1, on £%(T'/ H) achieves the minimum possible already
~YEF

for the regular representation ¢2(T'), and by Kesten's theorem (cf. [9, 4.5.3]) this
implies that H must be trivial. | |

Remark. Notice that we have actually established in the above proof the following:
if I'= (F) acts by measure preserving transformations on a probability space (X, u),

and the averaging operator on Lg(X ,i1) defined by: Tr(f)= Tl—{ 3~ fog, satisfies

geF

I Te|l= 24%1: (k=|F|), then for any non trivial normal subgroup H T, u is the
unique H-invariant mean on L*°(X, ;). This may be applied to the free subgroups
I'<50(3), constructed in [12] (with X being the 2-sphere).

We now present a more geometrical condition, giving rise to new sets of

generators e.g., for SLg(F,), which make the corresponding Cayley graphs an
expander family:

Theorem 4.4. Let H" = S0(n,1)/SO(n) denote the n-dimensional real hyperbolic
space. Suppose that I' <.SO{n,1) is a lattice (i.e., a discrete subgroup of finite co-
volume), N;<T a decreasing sequence of finite index normal subgroups, and H <T'
is any subgroup (not necessarily of finite index). Denote by Ay(IN;\H") the first
non zero eigenvalue of the Laplacian A acting on the Riemannian manifold N;\H",
and by Xo(H\H"™) the bottom of its spectrum on H\H". If

/\0(H\Hn) < inf/\l(Ni\Hn)

then statement 1 of Theorem 4.1 holds. If, moreover, H is normal in T, then
statement 2 there holds as well, namely, there exists a finite set of elements in
H whose projection to T'/N; yields an expander family of Cayley graphs (up to a
uniformly bounded index M ).
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Proof. By Theorem 4.1 it suffices to show that for every subgroup S of T, containing
H, we have:

(12) £2(T/S) # SLGT/N;)

Indeed, if (12) does not hold for some H < § <T', then inducing both representations
from T’ to G=50(n,1) yields:

(13) L}(G/S) < ©L3(G/N;)

as G-representations. Now consider only the class one (i.e. those with a K=50(n)
invariant vector) irreducible representations, weakly contained in the representa-
tions of (13). By a well known result of Harish Chandra, these correspond, through
the action of the Casimir operator, to the Laplacian spectrum, so from {13) we de-
duce that Ag{S\H") >inf A; (N;\H"). We will therefore contradict the assumption
of the theorem by showing that Ag(H\H™) > Ag(S\H"). This, however, follows
from the following general result: If M — N is a covering of Riemannian manifolds,
then Ag(M) > Ao(IN). We sketch the proof, which is probably well known to ex-

perts: Ag can be characterized, on the one hand, as the bottom of the L2-spectrum
of A, but on the other, as the supremum of the “positive spectrum”, i.e., the set
of A’s for which there exists a positive continuous function f on the manifold, sat-
isfying Af = A\f (see e.g. [29]). If M — N is a covering and f: N — Rt satisfies
Af=MAf then its lift to M has the same property, which shows that the supremum
for M is at least as that for N, thereby proving our claim. ]

Theorem 1.1, stated in the introduction, follows from Theorem 4.4 when con-
sidering G = SLa(R) = S0O(2,1), and using the recent improvement of Selberg’s
theorem due to Luo~Rudnick-Sarnak [15]: A;(V;\H)>0.21 for N; the congruence
subgroups of SLy(Z). Notice that by the Jacquet-Langlands correspondence, the
same bound on A; then holds for all the congruence subgroups of any arithmetic
lattice in SLy(R) (see e.g. [9, 6.3.4]). A result similar to Theorem 4.4 is valid for
the complex hyperbolic space and G =SU(n,1), with exactly the same proof. We
remark that it is convenient to take the lattice I' in 4.4 to be arithmetic, and N; as
its congruence subgroups. In this case, good estimates are known for inf A; (N;\H™)
(see e.g. [3] and the references therein). Notice that even if we relax the question of
expanders, Theorem 4.4 may still be of interest, presenting a spectral condition for
a subgroup of an arithmetic lattice to be congruence dense {and hence also Zariski
dense).

Finally, we remark that an improvement of the bound on A (NV;\H™) seemed to
be conceptually related only to the quantitative size of the expanding coefficients
of the resulting expanders. Theorem 4.4 shows that such improvement has also
qualitative implications on the possibility to choose different sets of generators for
the finite quotients, which make them an expander family.
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5. Amenable Quotients and New Explicit Constructions

In this section we first prove Theorem 1.3 stated in the introduction. Notice
that unlike the assumptions of Theorems 4.3 and 4.4, we do not impose in 1.3 any
explicit norm estimate. The condition is more algebraic, and is easier to verify in
many cases, s0 Theorem 1.3 is quite general in its nature. Following the proof of
this theorem, we present an explicit new construction of expanding generators for
PSLy(Fp) (p=1mod3), thereby illustrating both Theorems 4.4 and 1.3.

It is possible to deduce Theorem 1.3 directly from Theorem 4.1, however we
would like to present a proof based on Theorem 4.4. For the proof we shall need:

Theorem 5.1. Let G be a rank one simple Lie group with finite center, and K <G
a maximal compact subgroup. Let I' <G be a lattice, I'=(F) (|F| <o), and N;<T’
be as in Theorem 1.3. Then the following are equivalent:

1. X{U/N;,F) is an expander family.

2. There exists ¢>0 such that for all i one has A\;(N;\G/K)>c.

For I' cocompact 5.1 follows from a general result of Brooks [4]. Partial results
for noncompact I' were considered by him in [5] (see also [6]). Brooks’ approach
is geometrical, while we present a short analytic proof which holds equally well for
both the cocompact and non cocompact lattices:

Proof of 5.1. The correspondence between the Laplacian spectrum on L2(N;\G/K)

and the class one G-representations (weakly contained) in L2(G/N;), shows that
assertion 2 is equivalent to:

2. 1 A SLY(G/N)

Now, it is easy to see that the equivalence between 1 and 2’ is a special case
of the following result: If I' < G is as in Theorem 5.1, and = is any unitary I'-

representation, then one has 1p <, if and only if 15 <7 nquW (where Ind denotes
unitary induction). The implication = in this assertion is simple, completely

general, and follows from the “continuity of induction” in the Fell topology (see
e.g. [9, 3.1.8]). The implication < is more subtle and was proved by Margulis [19,

I11.1.11] under the assumption that 1g £ L3(G/T) (it is not known whether this

assumption is necessary). For lattices in semisimple Lie groups it is known that
this assumption is always satisfied (see [1]), and this completes the proof. ]

We can now turn to the

Proof of Theorem 1.3. The group T is an epimorphic image of a free group which
may be taken as a lattice in SLa(R). Consider the inverse images of N; and H
under the assumed epimorphism, and notice that all the assumptions lift to the
free group. Now observe that it is enough to deduce the assertion of 1.3 for the
lifted subgroups of the free group, and then push it back to I, so, we may assume
in the proof that I is already a free group which is a lattice in SLa(R).
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Since X (I'/N;, F') is an expander family, it follows from Theorem 5.1 applied
to G=SLy(R) that there exists ¢>0 such that A1 (N;\H) > ¢ for all . On the other
hand, the amenability assumption on I'/H implies that {and is in fact equivalent

to) Ag(H\H)=0. Indeed, 1p <¢?(I'/H), so inducing from ' to G=SLy(R) yields:
1 € LX(G/T) < L*(G/H)

and 1g < L?(G/H) is equivalent to A\g(H\H)=0. We may now apply Theorem 4.4
to complete the proof. ]

We now present an explicit new construction of expanding generators for
PSLy(Fp). For a numerical study of the graphs obtained here see [14].

Let 1#£weC be a primitive cube root of unity, and PSLy(Z[w]) the projective
group of matrices with entries in the ring Z{w]. PSL2{Z{w]) is an arithmetic non
cocompact lattice in PSLo{C) =2 SO(3,1) (local isomorphism), therefore if {N;} is
the family of its congruence subgroups, there is ¢ > 0 such that A (N;\H®) > c.
Recall that by Theorem 5.1 we then have that the (finite) congruence quotients
form an expander family with respect to the projection of a global generating set.

Let T be the fundamental group of the complement of the figure 8 knot. The
following facts are known (see [24] and [8]):

1. T has the presentation I'={a,b,z|zaz "' =ab™!, bz~  =b2a"1}.

2. T can be embedded as a subgroup of index 12 in PSLy(Z{w]) via the identifi-
cations:

N l+w -1 b —2w —w = 1 -1

—w 1 14w 14w/ “7 10 1
Henceforth we identify I’ with this embedding. Notice that a,b are free gen-
erators for a free, infinite index, normal subgroup Fo<l’, and that T'/Fy = (z) = Z.
Hence I'/Fy is amenable, which implies, as in the proof of Theorem 5.1, that
Ag(F2\H?) = 0. Thus, applying either Theorem 4.4, or directly 5.1, we deduce
that there is a finite set of elements in F5 whose projection to the congruence
quotients yields (up to a uniformly bounded index), an expander (Cayley-) graph
family. Furthermore, as F is generated by a and b, we may as well take them as
our finite set of generators. A particularly convenient subfamily of the congruence
quotients of PSLa(Zw]) is the groups PSLy(F,), for those p for which a congru-
ence projection PSLy(Z{w]) - PSLy(Fy) exists, namely, the primes p such that the
field Fp contains a primitive cube root of unity. As ]F;; is ¢yclic, such an element
exists exactly if 3 divides [F5| i.e., p=1y043- Now, by Theorem 4.4 or 5.1 we know
that the projection of Fo to PSLy(Fp) has a uniformly bounded index, however
using the simplicity of PSLo(F,) and the normality of F» in T, it is easy to verify

that for all p=1moqs F> is mapped onto PSLy(F,). Thus, the above discussion
amounts to:
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Theorem 5.2. Let w € C be a primitive cube root of unity. Then F =

14w -1 1 2w —w 1
{ ( w1 ) , ( ltw 1+w) generates (freely) a free discrete subgroup

of PSLy(C), which is of infinite index in PSLy(Z|w]). For all p=1,,,43 the natural

projection of F' to PSLy(Fy) generates the latter, and the graphs X (PSLy(Fy),F)
form an expander family.

As a different application of Theorems 4.4 and 1.3, consider the free group
generated freely by the generators:

(o 1) 7))

[ is an arithmetic lattice in SLy(R), in fact it has index 6 in SLy(Z). The
commutator subgroup H =[I',I’] has infinite index in I', however as in the previous
example, I'/H is abelian (hence amenable), and Ag(H\H) =0. Thus one can find
there finitely many elements (in fact, commutators), which, up to a uniform finite
index, make the Cayley graphs of the congruence quotients an expander family. The
free subgroup I'; < T generated by this finite set of elements is no longer normal,
and in fact, it can be shown that Ag(T'1\H) > 0. Using Theorem 1.3 one may then
continue this process with the free group I'1, and again go deeper to find a new set of
expanding generators. Note that as before, since the groups PSLy(Fp) are simple,

we generate them in every stage. Iowever, it is not clear how deep inside SLo(Z)
one gets in this algorithm, again, as the proof is completely non-constructive.
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